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TWO-DIMENSIONAL PROBLEM OF THE THEORY OF ELASTICITY.
INVESTIGATION OF STRESS CONCENTRATION FACTORS.

1. INTRODUCTION

Two-dimensional problem of the theory of elasticity is a particular case of the 3-D problem.
This problem can be solved as a plane elastic region with known boundary conditions (static
or kinematic) and mass forces acting inside. The analytical solutions are known only for some
simple cases as:

¢ thin plate of any shape in plane stress conditions (Plane stress)

e prismatic solid with assumed zero displacements in perpendicular direction to the

section area (Plane strain)
¢ Dbody of revolution loaded axis-symmetrically (Axial symmetry)

Each of these problems can be solved by using Finite Element Method. The discretization
encloses plane representative region of the object. It should be remembered that the finite
elements used in analysis have to correspond to Hooke’s law formulation adequate to plane
stress, plane strain or axis-symmetry type of problem.

2. PROBLEM DESCRIPTION

The work task is to analyze stress distribution in a thin plate made of aluminum alloy. The
plate has oval opening and is subjected to uniform tensile stress applied on upper and lower
edges (Fig.1). The numerical values of the stress concentration factors obtained from FEM-
analysis should be compared with analytical values taken from the literature.
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Fig.1. The notched plate
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3. TYPICAL COURSE OF NUMERICAL ANALYSIS

Taken into consideration that both load and shape of the plate are symmetrical, the model
includes only a half part of the plate. Convenient units are: mm, N and MPa.

3.1. Preprocessor
The solid model is built “from the Top Down” by making use of primitives.

a) Create the rectangle 500 wide and 400 mm high:
~ANSYS Main Menu ]
= Preferences -
& Preprocessor
= Element Type
= Natera Props
= Sections.
= Modeling
& Create
= Keypoints.
prsiee
@ Arbitrary
= Rectangle
2 Cnmrs .

[ = ]

# Area Fillet
@ Volumes
=Nodes
= Elements
& Contact Pair
& Piping Models

Fig. 2. Creation of the rectangle

b) Set WorkPlane snap increment to 5mm and offset Workplane two snaps right:

FEile Select List Plot PlotCtrls WorkPlane | Parameters Macro [Emrs
Slslualses/s  Dsslay ot Pare

ANSYS Toolbar
SAVE_DB| RESUM_DB| auiT|

ANSYS Main Menu

@ Preferences
e Preprocessor

@ Element Type
= Real Constants
= Material Props
= Sections
Fig. 3. Setting WorkPlane snap increment Fig.4. Offset of the WorkPlane two snaps right
c) Create semicircle: radius r=50mm at WorkPlane origin:
ANSYS Main Menu ®
B Preferences 1=}

& Preprocessor
Element Type
Real Constants
Material Props

Sections
= Modeling
mCreate [4Y Circular Area by Dimensions
Keypoints [PCIRC] Circular Area by Dimensions
Lines
@ Areas oL s
Arbitrary RAD2  Optional inner radius l:l
Rectangle .
THETAL Stat
e Circle T T D
2 Solid Circle THETA2 Ending angle )
AAnnulus
7 Partial Annulus oK Apply_| cancel | Hep |

By End Point3
glBy Dimensions|

o) e

7 Area Fillet
Volumes
Nodes
Elements

Fig. 5. Creation of rz semicircle
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d) Offset WorkPlane nine snaps left:

_|_|_|_|_|_|_| g| v D|sp|ay Worklng Plane

ANSYS Toolbar

Show WP Status

| SAVE_DB| RESUM_DB| QuIT

WP Settings ...

ANSYS Main Menu

Offset WP by Increments ...
o ——

B Preferences

a Preprocessor
= Element Type
= Real Constants

Align WP with

Change Active CS to b
Change Display CS to D

Fig.6. Offset of the WorkPlane nine snaps left

e) Create semicircle: radius ri=25mm at WorkPlane origin:

ANSYS Main Menu ®
E Preferences I=!
@ Preprocessor

Element Type
Real Constants
Material Props
Sections

8 Modeling

B Create
Keypoints

Circular Area by Dimensions

Lines
2 Areas
Arbitrary
Rectangle
a Circle
ASolid Circle
7 Annulus

» Partlal Annulus

ey Dimensions

[PCIRC] Circuiar Area by Dimensions
RAD1 Outer radius

RAD2  Optional inner radius

THETAL Starting angle (degrees)

THETA2 Ending ang ) 180
ok Apply | cancel | Hep |

l Area Fillet
Volumes
Nodes
Elements

Ei

f) Plot lines:

—‘—

ig.7. Creation of r1 semicircle
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SYS Toolbar Keypolnts

SAVE_DB| RESU

Fig.8. Plotting lines

g) Create line at angle to two lines:

ANSYS Main Menu

B Preferences
& Preprocessor
Element Type
Real Constants
Material Props
Sections
= Modeling
e Create
Keypoints
e Lines
& Lines
7 Straight Line
A1n Active Coord
7 Overlaid on Area
A Tangent to Line
7 Tan to 2 Lines
# Normal to Line
ZNorm to 2 Lines
pAtangle to lin€
z
Arc
Splines
Z Line Fillet
Areas
Volumes

F

At Angle to 2 Lines

® Pick (" Unpick

@ Single ) Box
C Polygon () circle

€ Loop

Count 0
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2
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Line No.

(@ List of Items
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H

Pick 41D Help.

Straight Line at Angle to 2 Lines.
[L2ANG] Create a Straight Line at Angles to 2 Existing Lines
NLLNL2 Existing ines

ANGL,ANG2 Angles in degrees

PHITL,PHIT2 Numbers to assign -

- to new keypoints at hit s
oK Apply |

Cancel |

1
|1

Hep |

ig.9. Creation of the tangent line
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h) Create the area of the opening through keypoints:

ANSYS Main Menu ®
&= Preferences |E|
= Preprocessor
Element Type
Real Constants
Material Props
Sections
& Modeling
a Create
Keypoints
Lines
= Areas @ Bick (" Umpick
pATDitrary _
> donATea (© 2oty () o
2 By Lines © souy
Z By Skinning Count = 4
2 By Offset Maximem = 12
Rectangle Min: - s
Circle KeyP No. = 7
Polygon
7 Area Fillet CE=
Volumes ( Min, Max, Inc
Nodes

Elements

& Contact Pair

iping Models
i

Fig.10. Creation of the area by keypoints

i) Delete semicircles (together with lines and keypoints):

ANSYS Main Menu c]
B Preferences =
& Preprocessor
Element Type
Real Constants
Material Props
Sections or e
= Modeling (@ Single (" Box
@ Create Polygon
Operate :: ].mwzg C o
Move / Modify
Copy Counc = 2
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@ Check Geom ::;m‘: - ;
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reas Only
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#Volume and Below
7 Nodes
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Reset Cancel
Pick A1l Help

Figll. Delete unnecessary areas

J) Subtract the area obtained in point h) from the rectangle:

ANSYS Main Menu &)
ANSYS Main Menu ®| = Preferences
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: :rafarem:ea ® Element Type
reprocessor  Real Constants
& Element Type Material Props.
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© Material Props = Modeling
© Sections. & Create
& Modeling © Operate
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Fig.12. Substruction of the area created in point h) from the rectangle of point a)
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Chose the element type (eight node PLANE183 or four node PLANE182) and plane stress

behaviour (Plane stress):
ATTENTION: for Solid 182 choose ,, Enchanced strain”

Main Menu

B Preferences
B Preprocessor

’l‘ Library of Element Types il
= Library of Element T Structural Mass - lad 4 node 18, -~
= Add DOF Add " e Link
B Remove DOFs
B Elem Tech Cont 53??%? égs =
Real Constants
Close | 8 node 183

Material Props
Sections
Modeling
Meshing

@ CPhanlina Cérle

Main Menu

B Preferences
= Preprocessor
o Element Type
zlAdd/Edit/Delete
B2 Switch Elem Typ
= Add DOF
B Remove DOFs
B Elem Tech Conti
= Real Constants
= Material Props
Sections

m Element Types

N

Defined Element Types:

Element type reference number

OK Help

Fig.13. Choosing element type

Defined Element Types: fAY PLANE183 element type options

ype 1 PLANE183 Options for PLANE183, Element Type Ref. No. 1

Element shape K1 Quadriateral =
Add..: T} Element behavior Ko
Element formuiation K&

with plane stress)

Close

Modeling
Meshing

Cancel

(NOTE: Mixed formulation is nof
‘ ‘ oK

Fig.14. Setting element options

Define elastic isotropic model of the material by the two constants: Young modulus (EX) and

Poisson ratio (PRXY):

ANSYS Main Menu

& Preferences

Sections
Modeling
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FLOTRAN
Multi-field
Loads
Physics
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Element Type
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& Material Props
Material Library

= Temperature Units EYVaterial Model NumberS] & Favorites x
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=IMaterial Models; & Linear
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Failure Cri
& Write to Fi
& Read from

Checking Ctr
Numbering C
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JiY pefine Material Model Behavior

Materisl  Edit Favorite Help

Material Models Defined
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Material Models Available
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ensity
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OK. Cancel Help

Fig. 15. Defining material properties
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Define mesh density:

The density of the discretization is defined at the edges of the plate. Size of elements in the
region of predicted high stress (the bottom of the notch — point A and B in Fig.1) should be
smaller than in other parts of the plate. The mesh density should be largest at the bottom of
the notch and can be modified along the line by SPACE variable. The edges of elements in
these regions should not be greater than 1/10 of the radius of the notch. There is also
possibility to choose the shape of the element (triangle, quadrilateral) and the type of mesh

(mapped or free).

ANSYS Toolbar

MeshTool

SAVE_DB| RESUM_|  Ejement Atributes

ANSYS Main Menu

& Preferences
= Preprocessor
Element Type
Real Constants
Material Props
Sections
Modeling

Global <] set

I~ Smart Size

i I
Fine 6 Cosrse

Size Contrals:

e Mapped € Sieep

| Jor 4 sided -

Element Sizes on Picked Lines

[LESIZE] Element sizes on picked ines
SIZE  Element edge length
NDIV No. of element divisions
(NDIV is used only ff SIZE is biank or zero)
KYNDIV SIZE,NDIV can be changed
SPACE Spacing ratio

‘I
g

172

ANGSIZ Division arc (degrees)

( use ANGSZ only if number of divisions (NDIV) and
element edge length (SIZE) are biank or zero)

|

™ No

cancel |

Hep |

Clear attached areas and volumes
oK appty_|

Fig. 16. Setting of size control on lines

Mesh the area of the plate (free meshing).

frieshrool
ANSYS Toolbar s
SAVE_DB| RESUM_I
.. . |Global LI Set
ANSYS Main Menu =
= Preferences [ SmartSize
= Preprocessor i »
Element Type Fine 6 Coarse
Real Constants
Material Props  sizs conols
Sections
- Set Clear
Modeling Gobel _sex | o |
= Meshing Areas Set Clear
B Attcibutc
iMeshTool B CE
T liza = Copy Flip
® Pick  ( Unpick | Laver el Gl
( Single (" Box Keypts Set Clear
€ Polygon (~ circie
€ Loop
Mesh: | aess |
Count
Maximum 1 Shape: T @ Quad
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Area M
P [ 3 or4sicied =

e

H
t
3
2

Help

Fig. 17. FE mesh
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3.2. Solution

Defining boundary conditions:

a) Symmetry on the lines in the symmetry plane (displacement constraints in y direction),

ANSYS Main Menu

3|

& Preferences
Preprocessor
e Solution

8Ymmetry

alon Lines|

Vo =
7 0n Areas
& 0On Nodes
Antisymm B.C,
Force/Moment
Pressure
Temperature
Inertia

Pick 211 Belp

1

‘

Analysis Type
e Define _Loads G E @ T
Settings - @
= Apply (@ single (" Box
& Structural ( Polygon ¢ circle
o Displacement ~ CZeee
A0n Lines G = B
A0n Areas e = @
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#0n Node Com|
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i
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Fig. 18. Setting symmetry BC on lines

b) Constrained displacement in x direction on the arbitrary chosen keypoint,

| savE_DB| RESUM_DB| QuIT| POWRGRPH|

ANSYS Main Menu o
2 Preferences
Preprocessor “ |
i ® Pick Unpiek
e Sokjtltlm s T - ® [\ Apply U,ROT on KPS x|
o ngnyesfuag;e @ Single (" Box [DK] Apply Displacements (U,ROT) on Keypoints.
" € Polygon (~ gircle Lab2 DOFs to be constrained
Settings ¢ ooy
= Apply
& Structural Ememi = ___——-"?
= Displacement Meximam =8 Apply a5
A0n Lines animam =1
KeyP No. = 2 If Constant value then:
VALUE C value

ZOTATEs
BlOn Keypoints|
anlNode

70n Node Components

@ List of Items

KEXPND Expand disp to nodes?

8 Symmetry B.C.
Z0n Lines
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B On Nodes
Antisymm B.C.
Force/Moment
Pressure
Temperature
Inertia

Fig. 19. Setting constraints at a keypoint

Defining neqgative pressure on t

 Min, Max, Inc
ok |
IR

o

Apply_|

he top line: p=-20000/500/2 MPa:

ANSYS Main Menu

& Preferences
Preprocessor
& Solution
Analysis Type
& Define Loads
Settings
@ Apply
a Structural
Displacement

#.0n Area
2 0n Nodes
Z0n Node Compol
2 On Elements

2 On Beams
Temperature
Inertia
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Other

2 0n Element Com
& From Fluid Analy
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-l R I e
Apply PRES on Lines [ N
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@ Single (" Box
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(" Polygon  circle
@ =D VALUE Load PRES value
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Maximom = & Optional PRES values at end J of ine
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@ List of Items
(" Min, Max, Inc
| ‘
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—I —
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<y
—

Fig. 20. Setting pressure on a line
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Running solution.
Before running the process of solution it is recommended to save the datebase by SAVE
command from menu File. The solving procedure is run by command: Solve/Current LS

ANSYS Main Menu Bl I
& Preferences 4| —_— — — — —_— —
© Preprocessor E
e Solution e
Analysis Type
& Define Loads SOLUTION OPTIONS
Load Step Opts
SE Managemen| PROBLEM DIMENSIONALITY. . . . . . . . . . . . . 2-D
SResults Trackir|] DEGREES OF FREEDOM. . . . . . ux ooy
e ANALYSIS TYPE . . . . . . . . . . . . ... .. STATIC (STEADY-STATE)
GLOBALLY ASSEMBLED MATRIX - SYMMETRIC
Qurrent LS ]
= Partial Solu [SOLVE] Begin Solution of Current Load Step

Manual Rezonit| ~LOAD STEP NUMBER ; ; o ]
N Review the summary information in the lister
Multifield Set| TIME AT END OF T ry

NUMBER OF suBsTEl window (entitled "/STATUS Command"),
®ADAMS Connec|  STEp CHANGE BOUN! then press OK to start the solution.
= Diagnostics PRINT OUTPUT CON

B2 Unabridged Me DATABASE OUTPUT | - TTEN
General Pc?stpruc D LD SUBSTEP
TimeHist Postpro ‘
Topological Opt
ROM Tool ‘
DesignXplorer ‘ s s s _{ lewmax \__ s _s__ _s )

Design Opt
Prob Design

Fig. 21. Starting solution process
3.3. General Postprocessor

Present results in the form of maps:
a) Plot directional displacements UY (in Y):

ANSYS Main Menu )
& Preferences Ji] NODRL SOLUTION
Preprocessor sz .
Solution b
= General Postproc ux (ave)
& Data & File Opts anszomm
B Results Summar.

YSSPPSRETININ 1.\ Contour Nodal Solution Data

Failure Criteria ~ — Item to be contoured
& Plot Results Favorites g
= Deformed Sh: | .
= Cofifour Plot Nodal Solullon_ :'
MiNodal Solu & DOF Solution
s & s SupareTt oT diplaUement
EElem Table e"'
BLine Elem F Stress 2]
Vector Plot | il
Plot Path Item
Concrete Plot  |jndispl j shape key
ThinFilm
List Results Undisplaced shape key IDefcrmed shape only j .
Query Results Scale Factor [Auto Calcul7[[1912.12264408 ™
& Options for Out A e 551
B Results Viewer = . 007 008795 .012599
= Write PGR File Additional Options e ©|
Nodal Calcs ok | Apply | Cancel | Help |

= Tahla

Fig. 22. Plotting UY displacement

b) Plot tensile stress component SY (in Y):

ANSYS Main Menu ®|
& Preferences B NODAL SOLUTION
Preprocessor STER=1
Solution
= General Postproc
= Data & File Opts
B Results Summarv

Read Resuls x|
Failure Criteria - Jtem to be contoured
e Plot Results "

& Deformed Sk Favorites j

ontour Plot Nodal Solution
PINodal Sol DOF Solution

& Stress
EElem Tabl g =
ELine Elem
Vector Plot = _'Iﬂ
Plot Path Itel
Concrete Plc "
ThinFilm Undisplaced shape key
List Results Undisplaced shape key IDeformed shape only j Lok x
Query Results | geaje Factor [Auto Caleul[[1912.12264408 C -

& Options for Ou

A F —
o 2.669 48.346 64.022
& Results Viewer f‘//, 40.507 56.184 71.86

SWiite PGR File Additional Options e &l
= Nodal Calcs ok | ooy | cancal | hem |

m . Rys. 23. Plotting SY stress

c) Plot Von Mises equivalent stress SEQV.
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NODAL SOLUTION ANSYS 12.1
B MAR 22 2014
:3?;1 16:36:21
TTME=1 PLOT NO. 6
SEQV (AVG
DMX =.013074
SMN =6.762
SMX =67.178
4
6.762 20.188 33.613 47.039 60.465
13.475 26.901 40.326 53.752 67.178
Modell

Fig.24. Von Mises stress distribution in the plate

Saving displayed plot to graphics file:
Each plot displayed in GUI Window can be copied to the graphics file (Fig. 25).

File Select List Plof PIotCtrIs orkPlane Param_

_J J J _] _I _I _] Pan Zonm Rotate ... Vector Mode (wireframe)
e BT View Settings 4 Compression I
SAVE_DB| RESUM_C :“mxl’i"g € Uncompressed
ymbols ... Speed/Compress Level E;;E______iz

Main Menu Style D rentatt
:" ::zfer':‘;‘;e:or Font Controls E  Horsonta!

pr Window Controls » (O]
= Solution ) s
& General Postproc | Erase Options i SEns
= TimeHist Postpro . R P —
= ROM Tool Animate Henectremss

= Radiation Opt Annotation ' Text mode

B Session Editor
& Finish

& Bitmaps

€ Line strokes
- The following forces background to white / foreground to.b
BG and Black FG

"1 To GRPHFile ... -
Save Plc| To PSCR File ...
Restore | To HPGL File ... [ T [Replot/Close
ResetP| To HPGL2 File ...
| ToJPEGFile...
Capture T e
Restoro 1D PNG File

ok | Cancel

Multi-Plc To Screen

Multi-Wil - 1 Segment Memory ../
Best Qu| Delete Segments

== ] _Segment Status

Fig. 25. Saving graphic files
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Diagrams are used to present stress (components: SX, SY and SEQV) along the plane of

symmetry:

a) Choose the path, where the argument s (distance) will be measured, by picking four
nodes (Fig 26):
ANSYS Main Menu @

& Preferences
@ Preprocessor
@ Solution
& General Postproc
& Data & File Opts
& Results Summary
@ Read Results
Failure Criteria
@ Plot Results
@ List Results
@ Query Results
& Options for Qutp
& Results Viewer
= Write PGR File
Nodal Cales
@ Element Table
= Path Operations
2 Define- 0
i
00 Wo dg
BBy Location
@ Path Status

= Modify Path
& Path Obtions

b)

ELeuENTS
Pata
oo (g me ]
[PATH] Define Path speciications
@ Zingle ( Box
Name  Define Path Name :
iy PATH1
€ loop nSets Number of data sets
Cowne = 4 nDiv  Number of divisons
Maximum 121
Minimum H
Node No. 20
ok | cancel | telp |
@ List of Ivem

CIEZRAL

5 ONN R

Fig. 26. Defining path and path options

Choose needed function: SX(s), SY(s), SEQV(s). Each function can be named

separately (as User label for item), but this field does not need to be filled.

ANSYS Main Menu ®

= General Postproc

B Data & File Opts

B Results Summary

@ Read Results

o Failure Criteria

@ Plot Results

@ List Results

® Query Results

& Options for Outp

B Results Viewer

= Write PGR File

® Nodal Calcs

@ Element Table

a Path Operations
@ Define Path
= Delete Path
B Plot Paths
4Map onto PathP),
@ PIotPath-ttem
& Linearized Strs
B List Linearized
= Add
B Multiply

c) Plotting the diagram of chosen functions.

i __
[FiY Map Result 1tems onto Path
[PDEF] Map Result Items onto Path
Lab  Userlzbelfor tem

Ttem,Comp Ttem to be mapped

[AVPRIN] EFf NU for EQV stran

Average results across element

xy-shear . SXY
YZ-shear  SVZ

Y-direction SY

[/PBC] Show boundary condiion symbol

Show path on deplay
oK Aoty |

cancel |

_tep |

ERENS S sanaanl

scIEzZKAL

Fig. 27. Mapping stress function onto path

The scale of axes or lines colors can be changed in Utility Menu (Plot Ctrls>Style>Graphs).

ANSYS Main Menu

8|

E
E
E

8 General Postproc
& Data & File Opts
B Results Summary
Read Results
Failure Criteria
Plot Results
List Results
4\ piot of Path Items on Graph
E [PLPATH] Path Plot on Graph
E Lab1-6 Path tems to be graphed

K Appy | cancel |

poSTL

NoDL=1

HRecall Path
= Map onto Path

ot Path Ite
[=]On Graph]

EseTItetn

E List Path Items

Fig. 28. Plotting path items on a graph

d) List the diagram of chosen functions (command in box in Fig.28).
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4. INTERPRETATION OF THE RESULTS. TASKS TO BE DONE

Compare results for:
a) Different mesh densities (discretisation influence):
- about 150 elements (Mesh 1),
- about 400 elements (Mesh 2),
- about 1500 elements (Mesh 3),

b) Different elemen types (aproximation influence)

- 8 noded elements (Plane 183).
- 4 noded elements (Plane 182),

Put the results into a Table:
Number of nodes NN, number of elements NE, UY max, SYmax", SYmax®, SX?, SXB, SEQVmax,

A B

OFEM , OFEM

SYmaxA, SYmax® —

SXA, SXB —

OCFEA = SYmaxA | om—
OCFEB = SYmaxB | om—

om = PI(0-2a)/d —

A B
aTyaT -

, O, aT

B where:

Maximum normal stress in Y at point A and B,
Stress in X at point A and B,

Mean normal stress in the symmetry plane,
Theoretical values of stress concentration factors taken from the

stress concentration factor at the left notche (punkt A),
stress concentration factor at the right notche (punkt B),

11

literature.
Discuss the results.
8 noded elements (PLANE183) 4noded elements (PLANE182)
Mesh 1 Mesh 2 Mesh 3 Mesh 1 Mesh 2 Mesh 3
No. of nodes
No. of elements
UYmax
SYmaXA
SYmaXB
SXA
SXB
SEQVmax
are?
are®
Final report:
ow = P/(b-2a)/0= Plots 1) FE mesh. 1) Introduction
needed 2) UY(xy) 2) Assumptions for the modeling
A (should be 3) SY(x.y) 3) model description (solid model,
ar= archived 4) SX(x.y) mesh, boundary cond. and loads)
during program | 5) SEQV(x,y) 4) Results
arB= session) 6) Graph:SY(s) ,SX(s),SEQV(s) | D) Results in the Table
6) Discursion
7) Conclusion
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Fig. 29. Method of determining the stress concentration factor from the chart (ar = Kin)



